In this note we show how the anomalies of both pure and matter coupled N = 1, 2 supersymmetric gauge theories describing the low energy dynamics of fractional branes on orbifolds can be derived from supergravity.
Introduction
Recently there has been a lot of activity in trying to generalize the AdS/CFT correspondence and promote it to a more general gauge/gravity duality for theories without conformal invariance or with less supersymmetry. Indeed many different approaches have been proposed to this aim, like for example the study of mass deformations of conformal field theories and of the corresponding RG flows, or the study of D-branes wrapping supersymmetric cycles of K3 and Calabi-Yau spaces, or finally the study of fractional D-branes, in conifold and orbifold backgrounds.
Fractional branes in conifolds backgrounds were first considered in Refs. [1, 2, 3] where a configuration of N regular and M fractional D3 branes on T 1,1 has been analyzed and the corresponding supergravity solution has been derived. This solution has been successfully used to describe the dual four dimensional gauge theory, which has N = 1 supersymmetry, a gauge group SU (N + M ) × SU (N ) and a non trivial matter content [4] . While very interesting IR properties of this gauge theory have been obtained by considering the nonsingular solution on a deformed conifold [3] , to describe the UV features of the gauge theory it is enough to consider the singular solution of Ref. [2] which indeed accounts for the logarithmic running of the coupling constants and the precise coefficients of the β-functions of the two gauge groups [5] . Very recently, in Ref. [6] it has been shown that also the chiral anomaly and the breaking of the U (1) R-symmetry to Z 2M are correctly incorporated in the classical UV supergravity solution of Ref. [2] .
Fractional D-branes in orbifold backgrounds have been extensively considered in the recent literature. In Ref. [7] the supergravity solution of M fractional D3 branes in a C 2 /Z 2 orbifold has been explicitly obtained (see also Ref. [8] ) and used to derive the exact (perturbative) β-function of the dual N = 2 SU (M ) Yang-Mills theory. This analysis has been subsequently generalized by adding fractional D7 branes that yield hypermultiplets in the gauge theory [9, 10] , or by considering D-branes in Z k orbifolds [11] (see Ref. [12] for a recent review on fractional branes in N = 2 orbifolds and a complete list of references). More recently, similar results have been also obtained for fractional D-branes in the N = 1 orbifold C 3 /(Z 2 × Z 2 ) [13] .
In this paper, prepared while Ref. [6] , which contains also a brief discussion of the chiral anomaly for the N = 2 orbifold, has appeared, we show how the chiral anomalies of both N = 2 and N = 1 supersymmetric gauge theories in four dimensions can be very simply obtained from the explicit supergravity solutions describing fractional D3 branes in C 2 /Z 2 and C 3 /(Z 2 ×Z 2 ) orbifolds presented, respectively, in Refs. [7, 10, 12] and Ref. [13] . In particular, we show how to obtain the correct β-function and the chiral anomaly of the pure N = 1 super Yang-Mills. It is worth to emphasize that our present analysis does not rely on the probe technique which instead was used in our previous papers. In fact, here we will exploit a simple holographic representation of a gauge theory operator in terms of supergravity bulk quantities and deduce from it how the scale and chiral transformations are realized in the supergravity description.
2 N = 2 gauge theories and fractional branes in Z 2 orbifolds Let us consider a N = 2 super Yang-Mills theory in four dimensions with gauge group SU (M ) and N fundamental hypermultiplets. As is well known (see for example Ref. [14] ), this theory has a β-function given by
where g is the running coupling constant, and a U (1) R anomaly given by
where J R is the R-current and q(x) is the topological charge density. In writing these formulas we have used standard conventions, namely we have normalized the generators of SU (M ) so that the quadratic Casimir invariant is M in the adjoint representation and 1/2 in the fundamental representation, and have assigned a R-charge 1 to the gauginos and −1 to the chiral fermions in the hypermultiplets 1 .
In supersymmetric theories the scale anomaly, proportional to the β-function, and the chiral anomaly are in the same supersymmetry multiplet. In the theory at hand, this fact can easily be seen by introducing the complex quantity
where θ YM is the Yang-Mills θ-angle, and observing that the term reproducing the anomalies has the following form [15] 
where Λ is the dynamically generated scale and φ is the (complex) scalar field of the N = 2 vector multiplet. As is well known, due to N = 2 non-renormalization theorems, Eq. (2.4) is the complete perturbative result which is corrected only by instanton effects. Then the scale and chiral anomalies can be simply obtained by looking at the response of τ YM to a rescaling of the energy by a factor of µ and to a U (1) R transformation with parameter α ∈ [ 0, 2π) respectively. Under these transformations the scalar field φ, which has the scale dimension of a mass and a R-charge 2 (remember that the gauginos have R-charge 1), transforms as follows
and thus from Eq.(2.4) we easily find that
This equation implies that
which are equivalent to Eqs.(2.1) and (2.2) respectively. We now show how these results can be obtained in a very simple way by using the supergravity solutions of fractional D-branes that we presented in Refs. [7, 10] . Let us recall that in string theory the simplest way to realize a four dimensional N = 2 YangMills theory with gauge group SU (M ) and N hypermultiplets is to consider a stack of M fractional D3 branes and N D7 branes of type IIB in the orbifold C 2 /Z 2 [9, 10] . For definiteness we assume that the Z 2 parity acts as a reflection in the directions 6789 (labeled by indices ℓ, m, ...), and that the D3 branes extend along the directions 0123 (labeled by indices α, β, ...) while the D7 branes wrap the directions 01236789. With this arrangement, the directions 4 and 5 are transverse to both types of branes and define a plane where they can move. In this plane it is convenient to use the complex coordinate
The supergravity background created by this D3/D7 brane system comprises the dilaton ϕ, the (Einstein frame) metric of the form
a R-R 0-form C (0) , a R-R 4-form C (4) , and two 2-forms, namely B (2) from the NS-NS sector and C (2) from the R-R sector, which are given by
where ω (2) is the anti-self dual 2-form associated to the vanishing 2-cycle of the orbifold ALE space. The explicit expressions for the various fields have been derived in Ref. [10] (see also Ref. [9] ), but for our present purposes it is enough to recall that
11)
where g s is the string coupling constant and ǫ is a regulator. Notice that the explicit appearance of the angle θ in the above expressions of C 0 and c implies that this supergravity solution is not invariant under rotations in the transverse plane, a fact that is similar to what has been recently emphasized in Ref. [6] for the fractional D-branes of the conifold. Let us now consider the world-volume theory of the fractional D3/D7 brane system which, in the limit α ′ → 0, reduces to N = 2 super Yang-Mills theory with gauge group SU (M ) and N fundamental hypermultiplets in four dimensions. In particular, the action S YM for the bosonic fields in the vector multiplet can be simply obtained by taking the Dirac-Born-Infeld action plus the Wess-Zumino term of a fractional D3 brane and expanding it in the supergravity background previously considered. Taking the limit α ′ → 0 and keeping fixed the combination φ = (2πα
which plays the role of the scalar field of the N = 2 vector multiplet, we easily find [10]
Inserting these expressions in Eq.(2.3), we can see that τ YM is a simple holomorphic function of z, namely
where ρ e = ǫ e −π/(2M −N )gs is the distance in the z-plane where the enhançon phenomenon takes place [16] . Finally, using Eqs.(2.5) and (2.15) we deduce that the scale and chiral transformations are realized on the supergravity coordinate z as follows
and hence the field theory results (2.6) and (2.7) are precisely reproduced from the supergravity classical solution.
The above analysis can be easily generalized by discussing a more general bound state in which both types of fractional D3 branes present in the Z 2 orbifold are considered [12] . The most general configuration one can have is made of N 1 branes of type 1 and N 2 branes of type 2. In this case the world-volume theory is a N = 2 Yang-Mills theory with gauge group SU (N 1 ) × SU (N 2 ) 3 and two hypermultiplets in the bifundamental representations (N 1 , N 2 ) and (N 1 , N 2 ) respectively. In this case our previous analysis can be generalized in a straightforward way and the correct results are simply obtained by replacing in all formulas the quantity (2M − N ) with 2(N 1 − N 2 ) if we refer to the first factor of the gauge group, or with 2(N 2 − N 1 ) if instead we refer to the second factor of the gauge group.
Finally, we would like to point out that the method of obtaining the β-function and the chiral anomaly from the fractional brane solutions as we have described it now, does not rely on the use of the probe technique which instead was employed in Refs. [7, 10, 11] , and in particular does not require that the analysis be made in the Coulomb branch of the N = 2 theory. The only necessary ingredients are the holographic identification of a world-volume field in terms of bulk supergravity quantities, as we did for example in Eq.(2.15), and its behavior under scale and chiral transformations. Everything else then follows from the explicit expressions Eqs.(2.17) and (2.18) of the gauge coupling constant and the θ-angle in terms of the supergravity fields, expressions that are dictated by the low-energy limit of the world-volume action of the fractional branes. Thus this method can be in principle applied also to N = 1 models as we will discuss in the next section.
3 N = 1 gauge theories and fractional branes in Z 2 × Z 2 orbifolds Let us now consider type IIB string theory in the orbifold C 3 /(Z 2 × Z 2 ) which provides the simplest set up to realize supersymmetric gauge theories with N = 1 supersymmetry in four dimensions by means of fractional D3 branes, whose supergravity solution was obtained in Ref. [13] . For definiteness we take the orbifold directions to be x 4 , ..., x 9 , introduce three complex coordinates defined by
and consider fractional D3 branes that are completely transverse to the orbifold, i.e. that are extended along x α with α = 0, 1, 2, 3. As explained in Refs. [17, 13] , there are four types of such fractional D3 branes corresponding to the four irreducible representations of Z 2 × Z 2 , none of which is free to move in the transverse space. The most general configuration we can consider is therefore a stack of N 1 branes of type 1, N 2 of type 2, .1), under the same conventions as those of Ref. [13] , one can rearrange the 12 chiral multiplets into three 4 × 4 matrices given by
where A i , · · · , D i are each a chiral multiplet. The position of these multiplets inside the matrices indicates from which types of open strings they originate, for example A 1 arises from strings stretched between branes of type 1 and branes of type 2, whereas C 3 from strings stretched between branes of type 3 and branes of type 2 and so on. Each field matrix Φ i encodes those chiral superfields having dynamics in the z i plane. There are several important points that we would like to emphasize. First of all, the Lagrangian of this N = 1 theory contains a cubic superpotential of the form W = Tr(Φ 1 [Φ 2 , Φ 3 ]), which is renormalizable in the UV. This is to be contrasted to what happens in the conifold theory where the matter fields have a quartic unrenormalizable superpotential [4, 3] . Secondly, the Lagrangian of the orbifold theory is classically invariant under scale transformations of the energy and U (1) R transformations. Due to the presence of the cubic superpotential, the superfields Φ i have R-charge 2/3, and hence their scalar components φ i have charge 2/3 while the chiral fermions have charge −1/3. Therefore, under a scale transformation with parameter µ and a U (1) R transformation with parameter α we have
i α φ i (3.3)
for i = 1, 2, 3. As is well known, these transformations become anomalous in the quantum theory. Indeed, focusing for simplicity on the first factor of the gauge group (similar considerations hold for any gauge groups), we find a scale anomaly proportional to the (Wilsonian) β-function
where g is the running coupling constant of SU (N 1 ), and a U (1) R anomaly given by
where q(x) is the topological charge density for SU (N 1 ) (see Eq. (2.2)). Just like in the N = 2 theories, also in this case we can combine the effect of the scale and chiral anomalies together by writing
where τ YM is defined as in Eq.(2.3) in terms of the coupling constant and θ-angle of the first factor of the gauge group. Of course similar expressions hold for the other factors and can be obtained from the previous formulas in a straightforward way. Notice that while the chiral anomaly is a one-loop effect, in N = 1 gauge theories the β-function receives corrections at all loops. The reason why it is possible to construct the complex combination (3.6) is because here we are discussing the Wilsonian β-function which is perturbatively exact at one loop [18] . Let us now consider the supergravity background corresponding to our bound state of fractional D3 branes [13] . This is characterized by a metric of the form
a R-R 4-form C (4) and three pairs of scalars b i and c i (i = 1, 2, 3) which correspond to the components of the 2-forms B (2) and C (2) along the anti-self dual forms ω i (2) associated to the three exceptional vanishing cycles of the orbifold, namely
The explicit form of the solution can be found in Ref. [13] ; here we simply recall that
where
As we mentioned before, the world-volume action of our bound state of fractional D3 branes in the limit α ′ → 0 reduces to a N = 1 super Yang-Mills theory in four dimensions with gauge group This correspondence can also be understood by looking at the explicit openstring realization of the scalars φ i , each of which is indeed related to a position in the z i plane [13] . Using this identification between φ i and z i , and Eq. (3.3), we can find the realization of the scale and chiral transformations on the supergravity coordinates, namely
i α z i (3.12)
We now focus for simplicity on those terms of world-volume action that, in the low-energy limit, depend only on the gauge fields of the first factor SU (N 1 ) of the gauge group. These terms are simply [13] Using these formulas, we see that the supergravity realization of the complex coupling τ YM is
From this equation it is now immediate to see that the field theory result (3.6) is correctly reproduced if we use the transformation (3.12) and the explicit definitions of the functions f i (N I ) given in Eq. (3.11).
We conclude by observing that a pure N = 1 super Yang-Mills theory in four dimensions can be realized on a stack of M fractional D3 branes of just one type, for example by putting N 1 = M and N 2 = N 3 = N 4 = 0 in our previous analysis. Therefore, the method we have described allows to obtain the correct β-function and chiral anomaly of this theory from the supergravity solution, namely 1 g 2 → 1 g 2 + 3M 8π 2 log µ and
Notice that the equation above correctly accounts for the breaking of the U (1) R-symmetry to Z 2M . To our knowledge this is the first quantitative derivation of these results for pure N = 1 super Yang-Mills theory using a supergravity dual background. Since these are UV results, the naked singularity of the supergravity solution does not play any role. It would be very interesting to explore the possibility of resolving this singularity, for example by suitably deforming the orbifold C 3 /(Z 2 × Z 2 ), and see whether in this way one can get some information on the IR behavior of the dual gauge theory.
